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Recall

• Tucker decomposition:
Let A ∈ Rn1×...×nd . Then

A =

r1∑
i1=1

· · ·
rd∑

id=1

C[i1, ..., id] · u1,i1 ⊗ u2,i2 ⊗ · · · ⊗ ud,i1

= C ∗1 U1 ∗2 U2... ∗d Ud
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STHOSVD

Sequential Truncated Higher Order SVD (ST-HOSVD)

Algorithm:

Input: Target tensor A ∈ Rn1×...×nd , target rank r = (r1, ..., rd)

Output: Core tensor C, basis matrices Uk ∈ Rrk×nk for 1 ≤ k ≤ d
Set A0 = A

for k = 1 : d
Ũk,Σk,Vk = SVD(A

(k)
k−1, rk)

A
(k)
k = ΣkV

>
k

Uk = Ũ>k
C = Ad
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R-SVD

Input: A ∈ Rm×n, r ∈ N, p ∈ N
Output: Low-rank approximation of A: Â = ÛΣ̂V̂>

Ω ∼ N (0, I) ∈ Rn×(r+p)

Y = AΩ

Q = ortho(Y) [QR-decomp.]

B = Q>A

ÛΣ̂V̂> = SVD(B, r)
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Application of R-SVD in STHOSVD

Let’s apply R-SVD instead of regular SVD!

R. Minster, A. K. Saibaba, M. E. Kilmer: Randomized algorithms for
low-rank tensor decompositions in the Tucker format. SIAM Journal on

Mathematics of Data Science. 2(1), 189-215 (2020)
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R-STHOSVD

Input: Target tensor A, target rank (r1, ..., rd), p ∈ N
Output: Core tensor C, basis matrices Uk ∈ Rrk×nk for 1 ≤ k ≤ d
Set A0 = A

for k = 1 : d
Ũk, Σk, Vk = R-SVD(A

(k)
k−1, rk, p)

A
(k)
k = ΣkV

>
k

Uk = Ũ>k
C = Ad

• What if both matrix dimensions are large?
→ Two-sided sketching1!

1Tropp, et al. SIAM Journal on Matrix Analysis Applications. 2017
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Low-rank approximation – two-sided sketch

• Choose sketching parameters r ≤ k ≤ min(l, n), 0 < l ≤ m
Algorithm:

Input: A ∈ Rm×n, k, l ∈ N
Output: Rank r approximation of A: Â = QX

Ω = ortho(Ω̃)← Ω̃ ∼ N (0, I) ∈ Rn×k

Ψ> = ortho(Ψ̃
>
)← Ψ̃ ∼ N (0, I) ∈ Rl×m

Y = AΩ

W = ΨA

Q = ortho(Y) [QR-decomp.]

X = (ΨQ)+W
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sketched-STHOSVD

Idea: Use two-sided skeiched low-rank approximation in R-THOSVD

Algorithm:

Input: Target tensor A, target rank (r1, ..., rd), (l1, ..., ld)

Output: Core tensor C, basis matrices Uk ∈ Rrk×nk for 1 ≤ k ≤ d
Set A0 = A

for k = 1 : d
Qk,Xk = 2s-r-SVD(A

(k)
k−1, rk, lk)

Set A
(k)
k = Xk

Uk = Q>k
C = Ad
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Sketching with subspace power iteration

• Spectrum of materialization decays slowly sketching is not great

• Power iteration technique to enhance the sketching algorithm:
→ replace A by (AA>)qA for some q ∈ N

(AA>)qA = UΣ2q+1V>

→ Left- and right singular vectors remain the same!
→ Faster decay rate of singular values
→ Rounding errors may accumulate

Remedy: Orthonormalizing the columns of the sample matrix
between each application of A and A>
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Sketching algorithm with subspace power iteration

• Choose sketching parameters r ≤ k ≤ min(l, n), 0 < l ≤ m

Algorithm:

Input: A ∈ Rm×n, k, l, q ∈ N
Output: Rank r approximation of A: Â = QX
Ω = ortho(Ω̃)← Ω̃ ∼ N (0, I) ∈ Rn×k

Ψ> = ortho(Ψ̃
>
)← Ψ̃ ∼ N (0, I) ∈ Rl×m

Y = AΩ
W = ΨA
Q0 = ortho(Y) [QR-decomp.]
for j = 1 : q

Ŷj = A>Qj−1

Q̂j = ortho(Ŷj)
Yj = AQ̂j

Qj = ortho(Yj)
Q = Qq

X = (ΨQ)+W
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sub-sketch-STHOSVD

Use the sketching algorithm with subspace power iteration in STHOSVD

Algorithm:

Input: Target tensor A, target rank (r1, ..., rd), (l1, ..., ld), q ∈ N
Output: Core tensor C, basis matrices Uk ∈ Rrk×nk for 1 ≤ k ≤ d
Set A0 = A

for k = 1 : d
Qk,Xk = sub-sketch-SVD(A

(k)
k−1, rk, lk, q)

Set A
(k)
k = Xk

Uk = Q>k
C = Ad
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Comparison

Experiment 1:

Hilbert tensor A ∈ Rn1×...×nd :

A[i1, ..., id] =
1

i1 + ...+ id
, 1 ≤ ij ≤ nj , 1 ≤ j ≤ d

Tensor parameters:

• d = 5
• nj = 25, j = 1, 2, ..., d
• Target rank is (r, r, r, r, r), where r ∈ [[1, 25]]

Computational parameters:

• Oversampling p = 5
• li = ri + 2, i = 1, 2, ..., d
• Power parameter q = 1
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CPU time (in second) on the Hilbert tensor with a size of 500× 500× 500
as the target rank increases:

Relative error on the Hilbert tensor with a size of 500× 500× 500 as the
target rank increases:
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Comparison
Experiment 2:

Sparse tensor A ∈ R200×200×200:

A =

10∑
i=1

γ

i2
xi ⊗ yi ⊗ zi +

200∑
i=11

1

i2
xi ⊗ yi ⊗ zi,

where xi,yi, zi ∈ R200 are sparse vectors with 5% nonzeros each
(generated using the sprand command in MATLAB )
Tensor parameters:

• γ = 2, 10, 200
• nj = 25, j = 1, 2, ..., d
• Target rank is (r, r, r), where r ∈ [[20, 100]]

Computational parameters:

• Oversampling p = 5
• li = ri + 2, i = 1, 2, ..., d
• Power parameter q = 1
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