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S Linear Least Square Problem

The overdetermined linear least squares problem is given

x = argmin|/b — Ayl||
yeER™

for A € R™", b € R™
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o Algorithm - Iterative Sketching

Input: Matrix A € R™*"* RHS b € R™, Embedding dimension d iteration count gq.
Output: Approx solution z, to least squares.

(1) S—dxm (1) Sketching matrix
(2) B+ SA (2) Applying the sketch
3) (Q,R) + QR(B, ’econ’)

(4) xy < R71(Q*(Sb)) (3,4) Householder QR
(5) fori=0:¢g—1

(6) i1+ X+R TR TAT(b—Ax;) (6) Update rule

(7) end



& : R * Q
o Algorithm - Justification

(1) (ATA)x = ATb T

(2) (SA)T(SA) ~ ATA T
(3) ATA(x —x;) = AT(b — Ax,)

(8) i =R'RTAT(b - Ax,)
(4) (SA)T(SA)d; = A”(b — Ax;)

9) x;11 =x; + RIR-TAT(b — Ax;)

(5) where, x &~ x;,1 = x; +d;
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® Notational Notes °

v Relative Forward Error: FE(X) = u’ﬁ;ﬁ‘

v Relative Residual: RE(%) = =555 where r(y) = b — Ay

v Relative Backward Error: BE(X) = { JLIL—&WL X = arg min||b — (A + AA)v||}
veR»

¢ Machine Epsilon: u = €, ~ 107'°

¢ Condition Number: k(A) = k = ||A]|||A7"||= omax(A)/Omin(A)




= Comparing with Backward Stable Algo )

¢ Householder QR is backwards stable i.e. X = argmin||(b + Ab) — (A + AA)y|| with

yeR"
perturbations of size ||AA||< cu||A|| and ||Ab||< cu|/b|| provided cu < 1

¢ Main Result: iterative sketching has forward errors and residual errors comparable
to a backward stable algorithm (e.g. Householder QR)

o Y




% Wedin’s Perturbation Theorem ° Y,

Let A, AA € R™*" andb, Ab € R™and suppose that|AA|/< ¢|]|A|| and ||Ab|< ¢||b|| for some
(0,1). Then set

x = argmin||b — Ay||
yER™

x = argmin||(b+ Ab) — (A + AA)y]||

yER™
Then if ex(A) < 0.1

Ix - %Il < 2.23x(A) (||x||+’|‘|fg‘”) ||r(x)u) -

Ir(x) —r(x)|| < 2.23 ([JAlllx][+~(A)|[r(x)]]) €
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® Results from Wedin’s Theorem o

Assuming ku sufficiently small, then the solution X to a backwards stable least square solver
satisfies

K

=21 < () (Jl+ el
) - rx] < o (JA ]+l ) w



Fheorem VI: I1¥bative sketéﬁing is forward stable _

Let S € R¥*™ be a subspace embedding for range([A b]) with distortion € € (0,0.29]. There
exists a constant ¢, > 0 which depends polynomially on m, n, and d such that ¢;ku < 1 and

multiplication by S is forward stable, then the numerically computed iterates x; by Iterative
Method satisfy bounds

Ll
AT+ e [uxn+ T ||r<x)||]

lr(x) — r(%:)|| < 20v/e(grs + ermu)’||r(x)[|+erw || Al flx||+#lx(x)|]

Ix — %;|| < 20Vek(g1s + c1Ku)

In particular, if g;s + ¢;cu < 0.9 then the iterative sketching produces a solution X such it
satisfies the forward stability error bounds
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Informally... @
(Informal Theorem I) In FPA, iterative sketching produces iteratives Xg, X;, . . . with errors

|x — X;|| and residual errors |[r(x) — r(X;)|| that converge geometrically until they reach

roughly the same accuracy as Householder QR.
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Convergence - TheoremV

Let S be a subspace embedding with distortion 0 < € < 1 —

Then the x; satisfy the

\/_
following bounds,
(1) Ix —xill< (8 — 2v/2)+/erghs FE (2) llr(x)—r(x)lI< (8 —2v2)y/egislIr(x)]]
The convergence rate gjg is,
€(2—¢€
g1s = (g ):)2 < (2+V2)e



© Lemma: Singular Valve Bounds Y,

Let S be a subspace embedding for range(A) with distortion € € (0,1) and QR = SA be a
reduced QR decomposition of SA. Then R satisfies the bounds

Tmax(R) < (1 + €)0max(A)
Omin(R) > (1 — €)omin(A)

In addition, AR satisfies the bounds

1
Omax(AR™) <

—
M

1
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© Proof of Lemma Tnax(R) < (1+ €)0mar(A) - @
O

Recall, SA = QR and S is a subspace embedding for subspace V' such that (1 — €)||v||<
ISv||< (1 +¢€)||v|| for e € (0,1) and v € V.

As Q unitary, QR and R have the same singular values. Establishing the upper bound,

amax(R) = Uma.x(QR) = amax(SA) (1)
Omax(SA) = [|[SA|| (2)
= max||SAv| (3)

< (1+¢€) max||Av]| (4)

= (1 + €)omax(A) (5)
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% Proof cont.

Omin(R) > (1 — €)omin(A)

Establishing the lower bound,

Umin(R) = Umin(SA)
= min ||SAv||

lIvil=1

> (1- ) min||Av]|

= (1 — €)Omin(A)
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Proof cont. Tmax(AR™) < 1

For the bounds of AR ™!, establishing the upper bounds

Omax(AR™!) = max|[AR™'v/||

Ivii=1
1

< max ||SAR " 'v||

1 —€|vi=1

= —— max|Qv]

T 1—ejv|=1
1

— Tamu(Q)

1

T 1—c¢
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Proof cont. Omin(AR™) 2 77—

1

Establishing the lower bound,
Omin(AR™') =

>

min ||AR'v||

lIvll=1

min ||SAR‘1v||
1+ € |v|=1

1 ;
min ||Qv
1+e€ |lvl|=l"Q |
1

mamin(Q)
1

1+e€



© Lemma: Sketch-and-Solve

In the sketch-and-solve, compute

x, = arg min/|(SA)y — Sb]
yGRn

Computed numerically,
xo = R7}(Q"(Sb))

Then, we have the guarantee that

le(x0)l| < <

le () — r(x0)ll <

IIr(X)II
\[

l|lx — xo| <

TVl

R.



Convergence Proof

(1) %111 = (I— RIR-TATA)x; + R'R-TATb

(2) x = (I—R'R-TATA)x +R-'R-TATb

(3) x —x;11 = R!GR(x — x;) where G :=1 - R TATAR™!

(4) x —x; = R7!G'R(x — xq)

(5) 1ISA(x —x)||< [ QIIIIGII'R(x — x0)||= [|GI*|[SA(x — x0) |

©) IGII< max { ()" - 1,1 - ()"} = £ = ass

(7) 1ISA(x —x0)[|< (1 + €)[|A(x — x0)|[= (1 + €)||r(x) — r(x0)||< 23EEVe|[r(x)|

e

(8) lIr(z) — r(x:)lI< T IISA(x — x:)[|< = IIGIFIISA(x — x0)||< 255z Vegis|Ir(x)]]

b= 1—e¢

(9) llr(x) = r(x:)ll= || A(x = %) [[= Tmin(A)]|x — x|
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Thanks! ¢
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