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2. Legendre polynomials are defined by the formulas

1 d*(z2-1)"
Po(ﬁl?):l, Pn($)=2nn' (dxn ) . n=12,...

(i) For m < n, by repeatedly integrating by parts show that

1
/ Palz)x" dr =0,

1
and conclude that

/ B Pltids <0 &tk
=1

(ii) Again by repeatedly integrating by parts, show that

y n)! [!
[1 Pz(x) dz = 55('12(7)!')2/_1(1 — 2)™(1 + z)" dz,

and by repeatedly integrating by parts yet again show that

1 n = i 22n+l(n!)2
/_1(1—z) (+ayrde= e B,

Conclude that

1
/P,f(:v)da:= <
“

2n+1

(iii) Evaluate the n-th derivative of (1 — z)"(1 4+ z)™ using the product rule and set z =1 to
conclude that P,(1) = 1.

(iv) Show that

1 o0
V1 —2zu + u? i Z On(=)u”, M

n=0

for some n-th order polynomials @,(z), by expanding the left-hand side in the binomial series

in powers of (u? — 2zu), using the binomial formula to expand these powers, and rearranging
the terms. (Of course, this is only valid for |u] < 1 and |z| < 1.)
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