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The Clebsch-Gordan Coef icients and their
connection to spin states

DEPARTMENT OF MATHEMATICS| 02/25/25

‘3_‘21“‘““"61-,{‘
3 %
& 1824* )




Overview of Clebsch-Gordan Coefficients

How do we work with Clebsch-Gordan Coefficients?

Procedure to Find Clebsch-Gordan Coefficients

Some Examples

Derivation justification
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Outline

= Qverview of Clebsch-Gordan Coefficients
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O Definition: Clebsch-Gordan Coefficients are the expansion coefficients of
total angular momentum eigen-states in an uncoupled tensor product basis.

 Let’s talk about physics first:

mmmm) Couple two angular momenta:

mmmm) Example:

=

33)®133) =111 100)
_ - 530 ®13 -3 =11 |11)
my) & |Jame) = X |[JM >= ¢
l71m1) @ |jama) 1 1y@|Ll) — | 1) 110)

Uz -2)®13-3) =14 =1
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J Mathematical version of the definition:

)
| 1

|JM >= Z |71m joma) (j1my jome|J M)
ey, Ts 1 I

I

For example:

—)

110) = er| T1) + 2 T4) + es| 1) + eal H)
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How do we work with Clebsch-Gordan Coefficients?
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How do we work with them?

J Don’t derive, refer to a table or software!!!

O A good resource: “Annual review by the particle data group”

™y, My

my m, | Coefficients

Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —y

1/2x172]]
+1/2 4172}
+172 -172[1/2 172

172 +172)1/2-172]
-1/2-172| 1

1x1/2 3/2 32 172
N7zl 11724172
+1-172[1/3 273] 372 1/72|
041/2| 2/3-173}-1/2-172]

0-172| 233 /3]
1+1/2| 1/3-2/3]

w2-1/2| /5 45| 572 372
+141/2] 451754172 4172

1-172| 2/5 35| 572 372]
0+1/2| 3/5-2/5|-1/2-172

0-172 5 2/5| 572 372
-141/2| 2/5-3/5)-3/2-372

F 1172|475 15| 572
3/2x1/2 |5 T 2z s -asl-s2
272 1]+ 22| 1

[.3/2 172174 3/41 2 1

)

s1/2 41723741741 0 0

3 0
2x1[ 35— b2l ] 3724 b ey e 2| 2 1
241 1] +2 +2 320132432 12e1/2hal -1 -1
w2 oz 2Rl 3 2 1 32 0 25 35| 52 32 172 172-172| 3/4 V/A| 2
vaaasl v o +1/2 41| 3/5 /504172 4172 172 -3/2 +1/2| 174-3/4)-2
+2-1115 /3 3/5 +372-1110 225 12 372-172] 1
1x1[3 1 0l8ns 163103 2 1 \/z o| 355 115 13| sz 322 172 e
«21 2 1 |o+1| 2/5-1/2 1710 0 0 0 1/241|3/10-815 1/6|-1/2 -1/2 -1/2
GEG - RN +1-1(1/5 172 30| S172-1(3/10 815 1/
oz w2 2 10 oof35s o-as 3 2 1 172 of 3/5 -1ns 13| s2 32
0+1)i2-172| 0 0 o sz 3ol 11 321110 -2/5 12} 32 -3
1 -1(1/6 172 13 0-1) 2/5 172 1710 1721|375 25| 572
0023 0173 1 og/s-1/6-3/10[ 3 2 -3/2 0| 2/5 -3/5}-572
-1 |1/6-1/2 173 211153 5| -2 -2 | I
r—m myme 1-1123 173] 3
= (-1) 2 oli3-23]-3 Urjamimaljyja
=T T = (=132 jymamy |jaj1 JM
m-m' g3 J 2
i = GOl Ly m ) — dhg=cost  d2 —coss
+2 +2 iR o P
X d.% = —Sin -
2 3/2 s :ZA:Z ? 'f ," dy12-1/2 sz
1}i5/24572]
z 72| 377 42| 772 572 372 RORT] - G A e
14372 ‘/7*3/7‘3/2 +3/2 +3/2) -1/243/2|\/5-123/10] 0 0 0 O
2172/ 1/7 16/35 2/ n 1720 174 9/20 1/4
KR 7 I e e 1
2x2 : — 0+3/2] 2/7-18/35 /5] +1/2 +1/2 4172 n12)  |5305 1175 |8/50-174-1720 vl T2 T
=t .3 . 12-3/2| 1/35 635 2/5 2/5 3/2 +3/2 [1/20-1/4 9/20-1/4] -1 -1 1
$1-17212/35 574 0-3/10 “1/2-372| 1/5 172 30
I'2~1 12 12| 4 3 2 0+1/2|18/35 3/35—1/5 sl 72 52 32 12| | 520235 0 sl 3 2
a2zl 2 42 -1 4372| 4r35-27/70 /8 10| 172 -ir2-172 12| | Z3517| 1R-1/2 30| -3 -5
“Z 0|314 172 27 “1 -3/2| 4/35 27/70 2/5 1110
Hala7 o-3a s 3 2 1 0 17218735 “3/35-1/5 175 V2V eaEl
042301412 27) 1 A 0w 14zn2s s 030l 7z sz g b 2
3 T4 370 37 1/ -2 132 1/38 Z2/5)-32 -372-372 3/2-3/2| 1
+1 9| 37 vsne-an — = o 372| 2/7 18/35 1
\ 0 +1| 3/77 -V/5-1/14 gl 4 1 1 -1/2| 47 -1/35~, 772 572
\ 1 +2[1714-3/10_3/7 21/ 0 0 0 o o B ,ﬂ,,sé_zzgl,s/z /2
\.\ 2 1/70 wo 200 2T, 1-3/2| a;7 37| 772
. M 2/5 1714-1/10 - -a77}-7.
) 370 hass v 2-172| 37 -anfr
0 141|835 25174 110155 32 1
a3 4 2+2 | wv0n0 27 —25 5| v 1 1
3/ 2 +1 -20114 310 37 1
3/2 + cosf 12 01377 "1/5-1/14-3/1
A3y s G3a= 10l a7 sna o[ F 3 2
/ 2 +1(114-310 37 ~w5| -2 -2 -2
2P = 0 2314 1/2 277
3/2,-1/ 2 1 0-3/7
Ly
F - d3 =2 sint 0 4t @omd=1)
3/2,-3/2 2 1
2 A —oosf
&= S —caz d3_ = 7'%“"" d}o= V3 find cosd
3/2 Jeasf41 . 0 3 1-cosf . 3 e 3
d e sinz d}_y = —5— Qs +1)  d, (Euh-o— 5)
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II. How do we work with them?

 Don’t worry!ll... Let’s do this step by step...
. J J
Notation: M
m, m2

m, m,  Coefficients

 We always have to include a square root since this was omitted to
improve readability

Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15.
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Outline

Procedure to Find Clebsch-Gordan Coefficients

)

Rensselaer



l1l. Procedure to Find C-G Coefficients

 Four Steps...

1.ldentify j1 and j2: Determine the ...

2.ldentify m1 and m2: Find the ...

imi

3.ldentify the total angular momentum J and M : Locate the ...

4.Extract the coefficient: Read the ...

10
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Some Examples
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bol S
bl =
b o
b | o

Following the
steps:

5/2
3/2x1 +5/2] 572 372

[F372 11 1|+3/2 +3/2
+3/2 0| 2/5 3/5| 5/2 3/2 172
1 +1/2 +1| 3/5 =2/5|+1/2 +1/2 +1/2
- +3/2-111/10 2/5 1/2
+172 0| 3/5 115 -1/3| 572 372 172
~1/2+1(3/10 -8/15 1/6|-1/2 -1/2 <172
2. +1/2-1|3/10 8/15 1/6

-1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
-3/2 +1(1/10 -2/5 1/2|-3/2 -3/2

3 -1/2 -1 |[ESISEEISE S5/2
: -3/2 0| 2/5 -3/5}-5/2
-3/2 -1 1

4.
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(1 -1 1 1] 10)

Ix1
_ +2| 2 1
FoIIovylngthe 1 +1 +1  +1
steps:
+1 0172 172 2 1 O
. o+1{1/2-1/2) 0 O O
+1-1(1/6 1/2 1/3
5 0 0273 0-1/3] 2 1
-1 +1(1/6-1/2 1/3] -1 -1
3 0-111/2 1/2] 2
-1 0[1/2-1/2|-2

4 -1-1] 1
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(2 —1.2 1| 42)

1 +172 || 772 sz 32 2] T35 25 B
F ” - th 2x2 3 3 0+3/2| 2/7-18/35 1/5] +1/2 +1/2+1/2 +1/2 :}55 :}55 35%8_152_%8 }52 3 2 1
0) OWIng e a2 1] +3 +3 +$_?5§1;g§ gﬁz 2/(5) 3;1/(5) -3/2 +3/2 |1/20-1/4 9/20-1/4] -1 -1 -1
+1- = 1/2-3/2| 1/5 1/2 3/10
. +2+1(1/2 1/2| 4 3 2 0+1/218/35 -3/35-1/5 175 772 s/2 3/2 12| | T1/5 17 3/§ 0 fz/s 3 2
Steps +1+2|1/2=1/2| +2  +2 +2 -143/2| 4/35-27/70 _2/5 -1/10| -1/2 -1/2-172 -1/2| | 2355175 ia-1/2 3a0l 3 -3
+2 0|3/14 1/2 2/7 +1 -3/2| 4/3527/70 2/5 1/10 /2 -
alaz ‘o374 3 2 1 0 ~1/218/35 3/35-1/5 -1/5 By E
0+2|3/14-172 2/7] +1 +1  +1 1 -1 +1/212/35-5/14 _ 0 3/10| 772 572 3/2
2 117714 3710 377 /5 -2 +3/2| 1/35-6/35 2/5 ~2/5|-3/2 -3/2-3/2 F372-372] 1
1 1 0| 377 1/5-1/14-2/10 - = 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10| 4 1 -1 -172| 477 -1/35-2/5| 7/2 572
. -1 +2(1714-3/10 3/7-1/s| o 0 0 0 0 "2 /2| 1/7-16/35 2/5| —s/2 52
+2 -2 | 1/70 110 2/7 2/5 1/5 1-372| 4/7 377|772
+1-11|8/35 2/51/14-1/10 -1/5 -2-1/2 -4/7)-7/2
0 01838 “0-27 0 113 L
tiae® @ -1 41| 835 -2/51/14 110-1/5] 4 3 2 1 |-2-32] 1
2 g2 _ltoosb 0 -2 +2 | 1/70-110 2/7 -2/5 /5] -1 -1 -1
. 3/2,3/2 2 2 SA— +1 -2|114 3/1(5) ;1/7 31/(5)
3 1+cosf . 0 2 cos 02 0 -1| 3/7 1/5-1/14-3/1
a2 = 7 e AORL S (—., ) -1 o 377 -1/5-1114 3/10] 4 3 2
3/2,1/ 2 2 l+~ 0 -2 +1{1/14-3/10 3/7 -1/5| -2 -2 -2
3/2 _ ml—cosd @ O N s N 0 -2[314 172 2/7
3 ‘i:;,'z,—l,"z—‘/g_-z 8 2,1 2 ° ; -1 1|47 o0-37] 4 3
. 4 i< eoed: . B ) 5 . 2 _l+oso, -2_0/314-1/2 2/7| -3 -3
(1.",.2 ayg = ———p—Sin d3, = £ sin® 6 &= 2 (&g —1] -1 -2{1/2 12| 4
3/2,-3/2 2 2 4y 4 [% -2 -1|1/2-1/2|-4
3/9 3cosf — 1 ] 1—cosf . : =
(I‘::;;U.z = —(0\. cos — {1%_71 = —%Slllg (IT).() = _\/5 sinf cos6 2 21

4.
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| 0 0 )

———
b | =
b | =
b | —
[

Following the
steps: 1/2)(1/2

1.

2.

-1/2-1/2| 1
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Derivation justification
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Derivation justification

111y | 10y | 00y | |1 1)
|+3-4)| 1 | O 0 0
— —— 1/2x1/2] !
Ciin] o o] o +1/2+1/21 1] 0 ©
2 2 V2 V2 +1/2 -1/2{1/2 1/2] 1
|-3-3)| O 0 0 1 -1/2 +1/2|1/2-1/2}-1
-1/2-1/2] 1

Table 4: Updated Table with Specific Values

Note: Since Clebsch-Gordan tables form an orthogonal matrix, they allow
for transformations in both directions

17
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why not change the world

Thank youl!
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